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Distribution analyses of multi-modal dynamic light scattering data
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Abstract

A method of data analysis for dynamic light scattering is proposed to evaluate the weight fraction, w(Rh), of a small amount of large aggre-
gates in a dilute solution, where Rh is the hydrodynamic radius. We examined the time-correlation function of scattering intensity for model
multi-modal systems, i.e., mixtures of latex solutions having different particle sizes and of polystyrene standard solutions having different
molecular weights, by properly taking into account the unknown fractions, w(Rh), and scattering intensities of individual components. We
derived an equation to evaluate the weight fractions of the components. The validity of this method was verified by successfully reconstructing
the observed correlation functions having fast and slow modes. As a demonstration, the fraction of aggregates in a thermosensitive polymer
solution in water was evaluated as a function of temperature.
� 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

Dynamic light scattering (DLS) has been widely used in
physical chemistry, colloid chemistry, polymer science, bio-
chemistry and biophysics, medical science, etc., as well as
product development and quality inspection in industry. It al-
lows evaluation of the size and size distribution of colloidal
particles in a dispersant [1] and polymer chains in a solution
[2,3]. Not only for size evaluation but also for slow dynamics,
gelation processes, and vitrification processes have been inves-
tigated by DLS [4e6]. Owing to advances in laser light scat-
tering, such as avalanche photo diode detectors and computers,
the performance of modern DLS instruments covers 10 ns to
10 s [7]. It is well known that light scattering is very sensitive
to large objects in a specimen. That is why optical purification
is of great significance. It means, on the other hand, DLS can
be used to characterize association state of polymers or colloid
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particles. Evaluation of agglutinated particles is a typical
example of applications of DLS in immunoassay [8].

The observable quantity in DLS is the time-correlation
function of the scattering intensity, i.e., the so-called second-
order correlation function, g(2)(t). The decay rate distribution
function G(G) obtained by inverse Laplace transform of
g(2)(t), in principle, has information about the distribution of
the dispersed particles and/or solutes, e.g., the weight fraction
of the particles, w(Rh), where t, G, and Rh are the decay time,
the characteristic decay rate, and the hydrodynamic radius of
the dispersed objects or solutes, respectively. However,
w(Rh) cannot be simply obtained from G(G) because g(2)(t)
is a complicated function of w(Rh) and the structure factor
S(q). Provencher and Stepanek proposed a simultaneous fit
of several autocorrelation functions measured at different scat-
tering angles [9]. They applied this method to semi-dilute
polymer solutions and plasticized polymers, in addition to mi-
croemulsion networks. Vega and coworkers proposed two
methods to obtain latex particle size distribution by DLS
[10,11]. Antony et al. reported the feasibility of DLS to detect
agglutination of antigen-carrier particles mediated by antibody
[12]. However, these treatments lack in the consideration of
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the q-dependence of the solutes, i.e., the intensity contribution
to the time-correlation function via S(q). Hence, it was unable
to extract information about w(Rh). Kanao et al. investigated
aggregate-containing poly(n-hexyl isocyanate) solutions by
static and dynamic light scattering and discussed the confor-
mation of the aggregates [13]. However, they did not explicitly
show the relationship between G(G) and w(Rh) and their anal-
ysis was limited to discussion of the conformation of aggre-
gates. To our knowledge, there have been only a few papers
that properly deal with this problem. Wu et al. characterized
polymer mixtures made of individual linear chains and clus-
ters. They considered the contribution of S(q) and obtained
the ratio of clusters to molecularly-dispersed polymer chains
by using a set of polystyrene mixtures with large- and small-
molecular weights. In addition, they applied this method to
characterize the cluster size of PES-C (phenolphthalein poly-
(ether sulfone)) [14] and other thermoplastic polymers [15,16].

As was addressed by Wu et al. [14,17], characterization of
aggregated systems having a bimodal or multi-modal distribu-
tion is important because of their industrial and pharma-
ceutical applications. In this paper, we propose a method to
evaluate the fraction of associated clusters in colloidal disper-
sions as well as in polymer solutions. We carefully examined
the time-correlation function for model multi-modal systems,
i.e., mixtures of latex solutions having different particle sizes
and of polystyrene standard solutions having different molec-
ular weights. We properly took into account the contributions
of the fractions, w(Rh), and scattering intensities of individual
components of the timeeintensity correlation function, g(1)(t),
and derived an equation to evaluate the weight fractions of the
components. This, in turn, was used to reconstruct the ob-
served correlation functions. Furthermore, we applied this
method to evaluate the weight fraction of aggregates in an
aqueous solution of a thermosensitive polymer carrying hydro-
phobic side group [18].

2. Theoretical background

2.1. Time-correlation functions and the decay rate
distribution function

The observable quantity of DLS is the time-correlation func-
tion of the scattering intensity, i.e., the so-called second-order
correlation function, g(2)(t), which is converted to the first-
order correlation function, g(1)(t), via Siegert relation [19],

gð1ÞðtÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gð2ÞðtÞ � 1

q
ð1Þ

where t is the decay time. g(1)(t) is given by

gð1ÞðtÞ ¼ exp
�
�Dq2t

�
ð2Þ

for Brownian objects moving with the translational diffusion
coefficient, D. Here, q is the magnitude of the scattering vector
defined by q ¼ jqj ¼ ð4pn=lÞsinðq=2Þ, where n is the refrac-
tive index of the scattering medium, l is the wavelength of the
light in vacuum, and q is the scattering angle. Hence, the dif-
fusion coefficient is obtained by
D¼� 1

2q2
lim
t/0

d

dt
ln
�
gð2ÞðtÞ � 1

�
ð3Þ

The size of the diffusing object, i.e., the hydrodynamic
radius, Rh, is obtained via StokeseEinstein equation:

Rh ¼
kT

6phD
ð4Þ

where h is the viscosity of the solvent, k is the Boltzmann
constant, and T is the absolute temperature. This argument,
however, cannot be simply applied to systems consisting of
multi-modal objects, such as mixtures of latexes having differ-
ent sizes or polymer solutions with multi-modal molecular
weight distributions. In order to obtain the particle distribu-
tion, inverse Laplace transform of g(1)(t) has been commonly
employed because g(1)(t) is obtained by Laplace transform of
the distribution function, G(G),

gð1ÞðtÞ ¼
ZN

0

GðGÞe�Gt dG ð5Þ

G(G) is obtained by inverse Laplace transform of g(1)(t). Var-
ious algorithms including CONTIN [20] have been widely
used [2]. However, as is discussed in the following subsection,
the relationship between g(1)(t) and G(G) is not trivial.

2.2. The correlation function

The first-order time-correlation function, i.e., the cor-
relation function for the scattering amplitude, C(1)(t,q) is
given by

Cð1Þðt;qÞ¼
*XN

i;j

Eðri;tÞE�ðrj;tþtÞexp
�
iq$
�

riðtÞ�rjðtþtÞ
��+

ð6Þ

where E(ri,t) is the scattering field at position ri and time t. In
the case of an ensemble of non-interacting particles, the time-
dependent phase average in Eq. (6) can be divided into space-
and time-averages by mode-decoupling of time and space
averages,

�
exp
�
iq$
�

riðtÞ � rjðtþ tÞ
���

y
�
exp
�
iq$
�

riðtÞ � rjðtÞ
����

exp
�
iq$
�

rjðtÞ � rjðtþ tÞ
���

¼
�
exp
�
iq$rijðtÞ

��
hexp½iq$drðtÞ�i ð7Þ

Here, rijðtÞhriðtÞ � rjðtÞ and drðtÞhrðtÞ � rðt þ tÞ. Hence,
the time-correlation function is obtained by

Cð1Þðt;qÞy
XN

i;j

�
EðriÞE�

�
rj

	
exp
�
iq$rijðtÞ

��
hexp½iq$drðtÞ�i

ð8Þ

Note that the assumption made in Eq. (7) is also applicable
to polymer solutions because the q-range employed is much
smaller than the radius of gyration of polymer chains in
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most cases and only translational diffusion of polymer chains
is taken into account. In Eq. (8), the first average gives the
scattering intensity of the particle. The scattering intensity is
obtained with the form factor P(qR),

Cð1Þðt¼ 0;qÞ ¼ NV2PðqRÞ ð9Þ

where R and V are the radius and the volume of the particle,
respectively, and N is the number of particles in the irradiated
volume. In the case of spheres, PðqRÞ ¼ F2ðqRÞ, and FðqRÞ is
given by

FðqRÞ ¼ 3
sinðqRÞ � qR cosðqRÞ

ðqRÞ3
ð10Þ

On the other hand, the second average in Eq. (8) is related
to the Brownian motion of the scattering object, and the Brow-
nian motion is characterized as:

Wðdr; tÞ ¼ 1

ð4pDtÞ3=2
exp



� dr2

4Dt

�
ð11Þ

Eq. (11) readily leads to,

hexp½iq$drðtÞ�i ¼
Z

exp½iq$drðtÞ�Wðdr; tÞddr¼ exp
�
�Dq2t

�
ð12Þ

therefore, Cð1Þðt; qÞ for spherical objects is given by

Cð1Þðt;qÞhhEðt;qÞE�ðtþ t;qÞi ¼ NV2F2ðqRÞexp
�
�Dq2t

�
ð13Þ

2.3. Bimodal distribution of colloidal particles

Now, let us discuss the correlation function for a bimodal
distribution of spherical objects having the radii R1 and R2

(R1< R2). The correlation function is now given by

Cð1Þðt;qÞ ¼
�
A1ðqÞexp

�
�D1q2t

�
þA2ðqÞexp

�
�D2q2t

��
ð14Þ

where

AiðqÞhNiV
2
i F2ðqRiÞ ð15Þ

The normalized-first-order correlation function is thus
given by

gð1Þðt;qÞh Cð1Þðt;qÞ
A1ðqÞ þA2ðqÞ

¼ 1

A1ðqÞ þA2ðqÞ

�
�
A1ðqÞexp

�
�D1q2t

�
þA2ðqÞexp

�
�D2q2t

��
ð16Þ

Note that gð1Þðt; qÞ is reduced to unity by approaching t¼ 0,
i.e.,

gð1Þðt/0;qÞ ¼ 1

A1ðqÞ þA2ðqÞ
hA1ðqÞ þA2ðqÞi/1

gð1Þðt/N;qÞ/0
The number of spheres is related to the mass (weight)
fractions (i¼ 1 or 2) by

wi ¼
NiMiP
i

NiMi

ð17Þ

On the other hand, the mass concentration ci of the particles
of kind i is given by

ci ¼
NiMi

Vtotal

�
g=cm3

�
; c¼

X
i

ci ð18Þ

Here, Vtotal and Mi are the total volume of the solution and the
mass (or molecular weight) of the particles of kind i. For
example, in the case of polystyrene (PS) latex, Mi is simply
given by

Mi ¼ r
4p

3
R3

i ð19Þ

where r is the mass density and Ri is the radius of the par-
ticle i.

Let us represent Eq. (15) in terms of wi instead of Ni. Ni is
simply given by�

N1

N2



¼ 1

W

�
w1=M1

w2=M2



ð20Þ

Here, Wh
P

i NiMi is the total mass of the solute in Vtotal. By
using Eqs. (19) and (20), one can rewrite Eq. (15) as follows,

AiðqÞ ¼ NiV
2
i F2ðqRiÞwwiR

3
i F2ðqRiÞ ð21Þ

Hence, the peak height (or area) is proportional to wi, R3
i , and

F2ðqRiÞ.

2.4. Distribution function

Now let us relate gð1Þðt; qÞ to Ai(q). Eq. (16) simply leads to

gð1Þðt;qÞ ¼ 1

A1ðqÞ þA2ðqÞ
�
A1ðqÞexp

�
�D1q2t

�
þA2ðqÞexp

�
�D2q2t

��
¼ A1ðqÞ

A1ðqÞ þA2ðqÞ
exp
�
�D1q2t

�
þ A2ðqÞ

A1ðqÞ þA2ðqÞ
exp
�
�D2q2t

�
ð22Þ

If each mode is very sharp, a comparison of Eqs. (5) and
(22) leads to

GðGÞ ¼ A1ðqÞ
A1ðqÞ þA2ðqÞ

d
�
G�D1q2

	
þ A2ðqÞ

A1ðqÞ þA2ðqÞ
d
�
G�D2q2

	
ð23Þ

Here, d(x) is the Dirac delta function. Hence, in general, the
distribution function for n-modal correlation function is given
by
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GðGÞ ¼
Xn

i

AiðqÞP
j

AjðqÞ
d
�
G�Diq

2
	

ð24Þ

Here,
P

j AjðqÞ is the total area of GðGÞ. Let us rewrite
Eq. (24) in a more explicit form, for example, for a binary
system,

GðGÞ ¼ w1R3
1F2ðqR1Þ

w1R3
1F2ðqR1Þ þw2R3

2F2ðqR2Þ
d
�
G�D1q2

	

þ w2R3
2F2ðqR2Þ

w1R3
1F2ðqR1Þ þw2R3

2F2ðqR2Þ

� d
�
G�D2q2

	
ðbinary systemÞ ð25Þ

The hydrodynamic radius of the particles of kind i is
obtained by the StokeseEinstein law,

Rh;i ¼
kT

6phDi

¼ kT

6ph

q2

Gi

ð26Þ

The peak height (or area) GðGiÞ is given by

GðGiÞ ¼
wiR

3
i F2ðqRiÞP

j

AjðqÞ
ð27Þ

From Eq. (27), the weight fraction wi is readily obtained by

wi ¼
GðGiÞ

P
i

AiðqÞ

R3
i F2ðqRiÞ

f
GðGiÞ

R3
i F2ðqRiÞ

ð28Þ

3. Experimental section

3.1. Samples

Two types of polystyrene (PS) latex were purchased from
Duke Science Corp., U.S.A. The PS latex solutions were
coded as L0 (PSS; the diameter 2R1¼ 50� 2.0 nm) and
L100 (PSL; 2R2¼ 596� 6 nm). The values of standard devia-
tion of the radius were 6.7 and 7.7 nm, respectively. The con-
centration of PS in water was ca. 1 wt%. The latex solutions
were diluted by 1000 times and then five samples were pre-
pared by mixing the two with different compositions, namely,
100/0 (L0), 75/25 (L25), 50/50 (L50), 25/75 (L75), and 0/100
(L100). Here, the sample codes are given in the parentheses.
Standard polystyrene samples were also purchased from Poly-
mer Source, Inc., Montreal, Canada. The molecular weights of
the PS samples were Mn¼ 11.0� 103 and Mw¼ 11.5� 103

for P0 and Mn¼ 102.6� 103 and Mw¼ 108.7� 103 for
P100, where Mn and Mw are the number- and weight-average
molecular weight, respectively. The sample specification is
given in Table 1. These PS samples were dissolved in cyclo-
hexane. The polymer concentrations were 1.0 wt%, both for
P0 and P100. Five PS solutions were prepared by mixing
these two stock solutions with different compositions, namely,
100/0 (P0), 75/25 (P25), 50/50 (P50), 25/75 (P75), and 0/100
(P100).
3.2. DLS

Dynamic Light Scattering (DLS) measurements were
carried out on a DLS/SLS-5000 compact goniometer, ALV,
Langen, Germany, coupled with an ALV photon correlator.
A 22-mW heliumeneon laser (Uniphase Co. Ltd., U.S.A.)
was used as the light source. Although the laser power was rel-
atively weak, the output photon count rate was enhanced by
about 50 times when compared to the conventional pinhole
system used in our laboratory. This was made by employing
a set of static and dynamic enhancers (devices to enhance
the photon counting rate) and a high quantum efficient ava-
lanche photo diode detection system. The characteristic decay
time distribution function, G(G�1), was obtained from g(2)(t)
with an inverse Laplace transform program (a constrained reg-
ularization program, CONTIN provided by ALV). The temper-
ature was regulated to 20.0� 0.1 �C for PS latex and to
34.5� 0.1 �C for standard PS solutions in cyclohexane. The
scattering angle range was 45e150�.

4. Results and discussion

4.1. Model system e bimodal distribution of PS latex

Fig. 1 shows (a) the second-order time-correlation functions,
g(2)(t) and (b) their semi-logarithmic plots, ln [g(2)(t)� 1] vs t,
for the individual latex solutions, i.e., L0 (PSS) and L100
(PSL) obtained at the scattering angle q¼ 90�. As shown in
the figure, each of g(2)(t,q)s is a single-decay function, and the
corresponding distribution function clearly shows a unimodal
distribution. The translational diffusion coefficient, D, of the
latex particles can be obtained from the first cumulant of
[g(2)(t)� 1] with Eq. (3). The hydrodynamic radius, Rh, of the
particles is evaluated by the slope in Fig. 1b (the solid line)
with Eq. (4). The cumulant analysis gave Rh¼ 29.1 and
315 nm, respectively, for L0 and L100.

Fig. 2 shows the distribution function, G(G�1), obtained by
CONTIN analysis of g(2)(t)s in Fig. 1 as a function of the
characteristic time G�1 and not the characteristic decay
rate G. As expected, each of G(G�1) shows a single peak.
From the peak position, the hydrodynamic radius was ob-
tained by

Rh ¼
kT

6ph
q2G�1

peak ð29Þ

where G�1
peak is the characteristic decay time at the peak. The eval-

uated values were Rh¼ 29.1 and 322 nm, respectively, for L0
and L100. Table 2 shows comparison of the evaluated hydrody-
namic radii for L0 and L100 by the two methods. Though these

Table 1

Polystyrene samples

Sample code Mn Mw Mw/Mn

P0 1.10� 104 1.15� 104 1.05

P100 10.26� 104 10.87� 104 1.06
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Fig. 1. (a) The second-order time-correlation functions of latex solutions L0

(PSS) and L100 (PSL) observed at q¼ 90�. (b) The cumulant analysis of L0

(PSS) and L100 (PSL).

Fig. 2. Distribution functions of latex solutions L0 (PSS) and L100 (PSL).
values are somewhat larger than the catalogue values, both agree
well to each other within the experimental error.

Fig. 3 shows (a) g(2)(t) and (b) G(G�1) for a 50/50 (w/w)
mixture of PSS and PSL, i.e., L50, obtained at q¼ 90�. It is
difficult to resolve the PSS component in g(2)(t), while a small
peak is observed in G(G�1). This figure clearly shows that
G(G�1) does not directly show the fractions of the fast (small)
and slow (large) components, but is heavily weighted to the
large component.

Fig. 4 shows the composition dependence of G(G�1)s for
the pure solutions (L0 and L100) and mixtures (L25, L50,
and L75). The sharp peak of PSS (the fast component) drasti-
cally decreases with increasing PSL fractions, while that of

Table 2

Comparison of Rh values obtained by cumulant and CONTIN methods

Nominal Cumulant CONTIN

L0 (nm) 25.0 29.1 29.1

L100 (nm) 298 315 322

Fig. 3. (a) Timeeintensity correlation function and (b) the distribution function

of latex solutions having bimodal distribution (L50).
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PSL (the slow component) decreases rather gradually with
decreasing PSL component. It should be noted that the peak
positions are roughly independent of the composition. Fig. 5
shows the scattering angle dependence of G(G�1)s for L50.
By increasing q, the peaks (indicated by the arrows) shift
toward the direction of faster decay time by keeping bimodal-
ity. Note that the relative heights of the peaks change non-
systematically with increasing q.

Fig. 6 shows the relative peak height of the fast mode,
H1¼ A1/(A1þ A2), as a function of the weight fraction of the
fast-mode component (PSS), w1. As shown in the figure, the
value is strongly biased by the slow- (large-)component, i.e.,
PSL, with a different weight depending on q. In addition, it
does not seem to have a simple relationship between H1 and
w1. As a matter of fact, the q dependence of H1, for the case
of w1¼ 0.5 plotted in the inset of Fig. 6, clearly shows an
oscillation of H1 with q.

Fig. 4. Distribution function of bimodal latex solutions having various weight

fractions. The scattering angle is 90�.

Fig. 5. Distribution functions of bimodal latex solutions. Scattering angle

dependence.
4.2. Reconstruction of g(2)(t) and G(G�1)

According to the discussion in Section 2, it is clear that the
shape of G(G�1) is strongly affected by the scattering intensi-
ties of the individual scatterers. Fig. 7 shows the normalized
static scattering intensity functions, P(qR), for PSL (L100)
and PSS (L0), where P(qR) is defined by

PðqRÞhCð1Þðt¼ 0;qÞ
NV2

¼ F2ðqRÞ ð30Þ

The open circles denote the observed functions and the
dashed and solid curves indicate the calculated scattering
functions with a size distribution of DR/R¼ 0 and 0.08,
respectively. In the case of PSL, a value R¼ 341 nm was

Fig. 6. The peak height fraction of PSS, H1, as functions of the weight fraction,

w1. The inset shows the scattering angle, q, dependence of the peak height

fraction of L0, H1, for the case of w1¼ 0.5.

Fig. 7. Static light scattering intensity functions for L0 and L100. Symbols:

obsd., lines: fitted functions P(qR)s. The vertical dotted line indicates the value

of q corresponding to the scattering angle of 90�.
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obtained by curve fitting. Although this value is somewhat
larger than the catalogue value (596� 6)/2 nm and those
obtained by DLS (R¼ Rh¼ 316 nm by cumulant and 322 nm
by CONTIN analysis; Table 2), these values can be regarded to
be within experimental error. On the other hand, the observed
intensity curve for PSS is a monotonously decreasing function
of q with no scattering maxima. The best fit with Eq. (9) gave
R¼ 50 nm, which was somewhat larger than the nominal
value R¼ R1¼ 25 nm. The bottom line, however, lies in that
P(qR) is strongly dependent on the size of the scatterers and
affects the analysis of the G(G�1). For example, in the case
of a DLS measurement of L50 at q¼ 90� (the position of
the vertical dotted line), the weighting factor originated
from P(qR)s for a mixture of PSS and PSL could be about
100 times. The numbers in the figure anchored to P(qR) are
the scattering angles. This curve with these values clearly
indicates that the weighting factor, P(qR), is strongly
q-dependent. This is the reason why the plot of the inset of
Fig. 6 has an oscillation. As a matter of fact, the variation of
H1 with q is qualitatively inverse of the variation of P(qR)
with q.

Eq. (25) and the above discussion indicate that G(G�1) is
uniquely determined with the form factors, P(qR), the radius
of the spheres, Ri, and the concentrations if the system consists
of spherical particles having a sharp bimodal distribution.
Fig. 8 shows the reconstructed (a) g(2)(t) and (b) G(G�1).
Note that the experimentally-observed values for R1 and R2

were used for reconstruction. Therefore, this reconstruction
procedure can stand-alone. Though the peak width of the
slow component cannot be well reproduced, the shape of
g(2)(t) and the peak positions are well recovered. This state-
ment is correct whenever the particle factors of the component
are known, in another word, the particle sizes and their distri-
butions are known.

It is important to generalize this method to any given sys-
tem. In reality, each set of particles subjected to characteriza-
tion usually has a relatively broad size-distribution. This leads
to a significant smearing in the form factor. Hence, it is more
realistic to employ an asymptotic scattering function instead of
the theoretical particle factor for spheres with a given radius.
In such a case, the form factor in Eq. (30) can be replaced
by either a constant or a power-law function as shown in
Fig. 9. The cross-over qR¼ 1.78 is obtained by extrapolating
the asymptotic functions given by

PðqRÞzF
2ðqRÞ ¼

�
1 qR� 1:78
1:784ðqRÞ�4

qR > 1:78
ð31Þ

Note that this asymptotic function PðqRÞwq�4 for
qR¼ 1.78 is nothing but a Porod scattering function for
a two-phase system with sharp interface [21,22]. Hence, the
weighting function is now given by

AiðqÞ ¼ wiR
3
i F

2ðqRiÞ ð32Þ

The fraction wi in Eq. (32) can be evaluated by replacing
Ai(q) in Eq. (28) by AiðqÞ. Note that Eq. (32) can be further
Fig. 8. (a) The reconstructed correlation and (b) distribution functions for the

50/50 mixture of polystyrene latex.

Fig. 9. Comparison of the scattering functions for spheres and the asymptotic

behavior of the scattering intensity functions for hard spheres.
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simplified for the case of R1, R2> 1.78/q. In this case,
PðqRÞfR�4, which leads to

AiðqÞ ¼ wiR
3
i PðqRiÞfwi=Ri ð33Þ

Hence, the peak heights of G
�
G�1

i

	
are simply proportional to

wi/Ri. On the other hand, if both the radii or either radius R1 or
R2 is smaller than this criterion, i.e., qRi¼ 1.78, wi becomes to
have different Ri-dependence and/or q-dependence as given by

This is the reason why no simple relationship was observed in
Fig. 6.

Fig. 10 shows the comparison of the fraction, H1, of the ob-
served and reconstructed distribution functions for L50 at
q¼ 90�. Plots (a) and (b) are obtained by using the peak areas
and peak heights of G

�
G�1

i

	
s, respectively. Plots (c) and (d)

are obtained by using the exact function, F2ðqRÞ, and the
asymptotic function, F

2ðqRÞ, respectively. As shown in the
figure, the reconstructed H1 with the asymptotic function
agrees reasonably well to the observed value with the peak
height. Note that plot (d) also gives an acceptable agreement
with the observed data even when an asymptotic scattering
function is employed for the evaluation of the scattering inten-
sity contribution to the time-correlation function. Therefore,
it is concluded that the weight fractions of the particles in a
solution can be, at least semi-quantitatively, evaluated from
the decay rate (or time) distribution function, G(Gi) (or

w1 ¼
GðG1Þ=R3

1F
2ðqR1ÞP

j

G
�
Gj

	
=R3

j F
2�

qRj

	¼

8>>>>>>>><
>>>>>>>>:

GðG1Þ=R3
1

GðG1Þ=R3
1 þGðG2Þ=R3

2

GðG1Þ=R3
1

GðG1Þ=R3
1 ½nm3� þGðG2ÞR2

GðG1ÞR1

GðG1ÞR1 þGðG2ÞR2

Fig. 10. The peak height fraction of L0, H1, as a function of the weight frac-

tion, w1. (a) The observed area, (b) height, (c) calculated with the form factor

of spheres, and (d) calculated with the asymptotic function. The lines are

drawn for the eye.
G
�
G�1

i

	
), of DLS. It is needless to mention that the errors come

from the uncertainty of P(qR), smearing, interference of the
form factors between the like and unlike components, etc.

4.3. Bimodal polymer solutions

A similar discussion to the case of latex solutions can
be made for dilute polymer solutions. In this case, the form

factor is, in principle, written by the so-called Debye func-
tion [23]

PD

�
qRg

	
¼ 2

u2

�
e�u� 1þ u

�
; uhR2

gq2 ð35Þ

where Rg is the radius of gyration of the polymer chain. The
first-order correlation function is given by

Cð1Þðt;qÞhhEðt;qÞE�ðtþ t;qÞi

¼ cMwPD

�
qRg

	XN

i;j

exp
�
iq$drijðtÞ

�
¼ cMwPD

�
qRg

	
exp
�
�Dq2t

�
ð36Þ

Note that the scattering intensity is now proportional to the
weight-average molecular weight of the polymer, Mw, and the
mass concentration of the polymer, c. Hence, the amplitude is
rewritten to

AiðqÞ ¼ ciMw;iPD

�
qRg;i

	
¼ ciR

2
g;iPD

�
qRg;i

	
ðfor a Q-solventÞ

ð37Þ

This is in the case of a Q-solvent. On the other hand, if the
polymer chains are in a good solvent, Ai(q) is given by

AiðqÞ ¼ ciMw;iPF

�
qRg;i

	
¼ ciR

5=3
g;i PF

�
qRg;i

	
ðfor a good solventÞ ð38Þ

Here, because of the prediction of RgwM
3=5
w by Flory [24], we

call PFðqRiÞ the Flory’s asymptotic scattering function for
a single polymer chain in a good solvent given by

PF

�
qRg

	
¼

8<
:

1 qRg �
ffiffiffi
3
p

� ffiffiffi
3
p 	5=3

2

�
qRg

	�5=3
qRg >

ffiffiffi
3
p ð39Þ

The cross-over
ffiffiffi
3
p

is obtained at the marginal point of
PD

�
qRg

	
¼ PF

�
qRg

	
at q ¼ 1=x ¼

ffiffiffi
3
p

=Rg, where x is the cor-
relation length. If the system consists of two-kinds of polymer

ðqR1;qR2 � 1:78Þ

½nm3�
½nm� q4 ½nm�4�=1:784

ðqR1 < 1:78� qR2Þ

ð1:78� qR1;qR2Þ

ð34Þ
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chains having different molecular weights, Mw,1 and Mw,2, the
weight fractions of polymers 1 and 2 can be, in principle, eval-
uated from G

�
G�1

i

	
with the same method discussed above by

using Eqs. (37) and (38) in place of Eq. (21).

wi ¼
GðGiÞ=R2

g;iPDðqRiÞP
j

G
�
Gj

	
=R2

g;jPD

�
qRj

	 ð40Þ

for Q-solvents, and

wi ¼
GðGiÞ=R

5=3
g;i PFðqRiÞP

j

G
�
Gj

	
=R

5=3
g;j PF

�
qRj

	 ð41Þ

for good solvents.
Fig. 11 shows (a) g(2)(t) and (b) G(G�1) for polymer solu-

tions in which PSs with M1¼ 11.5 � 103 and M2¼ 108.7 �
103 are mixed with different fractions. Here, not only the
five fractions from 100/0 (P0) to 0/100 (P100), but also other
mixtures with large portions of P0, i.e., 98/2, 96/4, and 90/10,
were also investigated. As shown in the figure, the resolution
of the distribution analysis does not seem to be good enough
to separate the two modes originated from the P0 and P100,
but DLS regards the system being a unimodal mixture with
an average molecular weight, Mw. Fig. 12 shows the molecular
weight dependence of the hydrodynamic radius, Rh. The expo-
nent is 0.51, which is in good agreement with the prediction
for a polymer solution in a Q-solvent. This result suggests
that the molecular weight ratio 108.7/11.5 z 9.5 is not enough
to apply this method. It should be noted here that the q-depen-
dence of Ai(q) is less significant in most of polymer solutions
than in condensed particles. The calculated values of Rg’s
are 2.92 and 8.97 nm, respectively, for P0 and P100, for the
Q-condition. Here, the segment length of PS was chosen to
be 0.68 nm [25]. The value of q at q¼ 90� for cyclohexane
at 34.5 �C is 0.020 nm�1, indicating that the value of qRg is
much less or close to the criterion. Therefore, the contribution
of the particle factor to the amplitude of the distribution func-
tion can be ignored and is simply dependent on the size of the
polymer chains, i.e.,

AiðqÞ ¼ ciR
2
g;iPD

�
qRg;i

	
zciR

2
g;i ðfor a Q-solventÞ ð42Þ

AiðqÞ ¼ ciR
5=3
g;i PF

�
qRg;i

	
¼ ciR

5=3
g;i ðfor a good solventÞ ð43Þ

This means that the peak height of G
�
G�1

i

	
is weighted ei-

ther R2
g or R

5=3
g , depending on the nature of solvent. It should

be also noted that Eqs. (42) and (43) can be rewritten as

AiðqÞzciR
2
g;ifciMw;i ðfor a Q-solventÞ ð44Þ

AiðqÞzciR
5=3
g;i fciMw;i ðfor a good solventÞ ð45Þ

Hence, it is concluded that Ai(q) is dependent on the con-
centration and the molecular weight of the kind i, irrespective
of the nature of the solvent. This result agrees with the treat-
ment by Wu et al. [17]. However, if the product of Rg of the
Fig. 11. Observed (a) correlation functions and (b) distribution functions for

PS solutions having different compositions.

Fig. 12. Molecular weight dependence of the hydrodynamic radius, Rh.



6455M. Shibayama et al. / Polymer 47 (2006) 6446e6456
sample and q of the DLS experiment is larger than the crite-
rion, qRgz

ffiffiffi
3
p

, then the contribution of the form factor should
be taken into account.

4.4. A polymer solution with aggregation

Polymers in a solution sometimes accompany their associ-
ated objects due to insufficient solvation. Okabe et al. ob-
served a slow-mode component in an 1.0 wt% aqueous
solution of poly(2-ethoxyethyl vinyl ether) (EOVE) [18].
The method discussed in this paper allows to evaluate the con-
centration (or the weight fraction) of this coagulants. Fig. 13
shows the G(G�1)s of 1.0 wt% EOVE solution at different
temperatures. As shown in this figure, the fast component is
dominant at 12 �C, while the slow component at G�1 z 3 ms
becomes progressively dominant as temperature increases.

Fig. 14 shows the weight fraction of the slow component,
w2, i.e., the aggregated component, as a function of tempera-
ture. Here, the evaluation was made by two extreme cases,
i.e., a Q-condition (open circles) and a good-solvent condition

Fig. 13. The decay time distribution functions of 1.0 wt% poly(2-ethoxyethyl

vinyl ether) (EOVE) aqueous solution at various temperatures.
5. Conclusion

A method to evaluate the weight fractions of the solute or
dispersed species in a solution from the size distribution func-
tion G(G) of DLS is proposed for the case of hard sphere
mixtures as well as polymer mixtures having bimodal (or
multi-modal) size distributions. It is found that the size distri-
bution, G(G), for spherical particles can be reconstructed by
the position, Gi, and the amplitude, Ai(q), with the following
relationship:

GðGÞ ¼
X

i

AiðqÞP
j

AjðqÞ
d
�
G�Diq

2
	

ð46Þ

wif
GðGiÞ

R3
i F2ðqRiÞ

ð47Þ

where Ai(q) is dependent on the system. The weight fractions,
wi, are then obtained by

Fig. 14. Temperature variation of the fraction of the aggregate component, w2,

for 1.0 wt% poly(2-ethoxyethyl vinyl ether) (EOVE) aqueous solution.
w1 ¼
GðG1Þ=R3

1F
2ðqR1ÞP

j

G
�
Gj

	
=R3

j F
2�

qRj

	¼

8>>>>>>><
>>>>>>>:

GðG1Þ=R3
1

GðG1Þ=R3
1 þGðG2Þ=R3

2

ðqR1;qR2 � 1:78Þ

GðG1Þ=R3
1 ½nm3�

GðG1Þ=R3
1½nm3� þGðG2ÞR2 ½nm� q4 ½nm�4�=1:784

ðqR1 < 1:78� qR2Þ

GðG1ÞR1

GðG1ÞR1 þGðG2ÞR2

ð1:78� qR1;qR2Þ

ð48Þ
(open squares). The values of w2 increase from 0.0063 to 0.14
and from 0.020 to 0.43 of the solute, respectively, for the cases
of a Q-condition and a good-solvent condition. Note that the
window of the w2-value is of the factor of three, irrespective
of temperature. This means that the fraction of large aggre-
gates can be semi-quantitatively observed by this method.
Eq. (48) indicates that the weight fraction of the components
can be evaluated with the peak height (or area) and the peak
position of the distribution function.

Similar to the case of dispersed particles in a dispersant, the
concentration of polymers in a dilute solution can be evaluated
with the following equations:
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wif
GðGiÞ

RaX
g;i PXðqRiÞ

ð49Þ

where the subscript X stands for D (the Debye function,
PD(qRg) for a Q-solvent) and for F (the Flory’s asymptotic
scattering function, PF(qRg) for a good solvent). The exponent
aX also means aX¼ 2 (for a Q-solvent) and aX¼ 5/3 (for
a good solvent). Accordingly, G(G) can be reconstructed with

AiðqÞ ¼ wiMiPX

�
qRg;i

	
¼ wiR

aX
g;i PX

�
qRg;i

	
ð50Þ

with the observable quantity, Rg, and the evaluated value wi.
This method was applied to characterize the fraction of ag-

gregated component in a thermosensitive poly(2-ethoxyethyl
vinyl ether) (EOVE) in aqueous solution. It was found that
the fraction of the aggregates increased up to about 14% by
increasing temperature.
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